To consolidate the discussion in the main text, we will herein expand upon the parameter estimation as well as some alternative modelling considerations addressed in the work.
Before starting with the parameter estimation section, we recall the full system of equations introduced in the paper. (8) where
1 Overview Table 1 reports a list of all the parameters appearing in the model equations. Each parameter is supplied with its estimated value, units and source used (when possible) to assess it, followed by a note on the kind of dataset considered. References in brackets mean that although the parameter was not directly estimated from a dataset, its calculated value was inspired by the biological literature. When no data were found to inform a parameter value, this was taken to be of the same order of magnitude of another reasonably similar one. A detailed description of the estimation of each parameter can be found in Section 2.
Parameters

Initial conditions
The initial values are listed in Table 2 . As initial time t = 0, we take the moment at which the (primary) tumour cells occupy the (variable/adjustable) percentage p 0 of the prostate volume. Therefore, the initial tumour cell density is given by the expression
where V prost denotes the prostate volume, V tum cell the volume of a tumour cell and V dom the volume of the domain; their values are estimated hereunder in Section 2.1. We also start "counting" the migrating tumour cells at t = 0; therefore we take 2 Sortino et al. 3 pancreatic cancer cells/prostate adenocarcinoma cells τ 2 2.39 day Zhu et al., 2 Sortino et al. 3 pancreatic cancer cells/prostate adenocarcinoma cells k T 10 6 cells (mm 3 ) −1 (Park et al. 4 ) max tumour cell density 1 /2 · 1mm 3 /V tum cell θ 1 10 4 cells(mm 3 ) −1 estimated≈1% of k T no data found θ 2 1 mm 3 pg −1 (Chiang et al. 5 ) prostate tumour d T 1.27 × 10 −2 day −1 Dachille et al. 6 prostatic adenocarcinoma δ 1.29 × 10 −2 mm 3 pg −1 Castro-Rivera et al. 7 Sema3B effect on lung and breast cancer cells (avg) µ 0 0.22 day −1 Pienta et al. 8 rat prostate tumour cells µ 1 9. 26 Watanabe et al. 27 ) match ACh equilibrium in human skin s a 0.73 day −1 Paton et al. 28 ACh output from guinea-pig ileum plexus d a 49.91 day −1 Bechem et al. 29 ACh release from guinea-pig parasym. nerve terminals γ 6 10 −3 mm 3 cell −1 day −1 estimated≈ γ 5 no data found Table 1 . A list of all the parameters appearing in the model equations (NE = norepinephrine, ACh = acetylcholine).
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T m (0) = 0. For G and A, we assume their initial value to be zero, because we are interested in the NGF and AGMs produced by the tumour. All the other values are assumed to be at their normal (equilibrium) level when the model simulation starts. Table 2 . Values of the model variables at t = 0.
Estimation of the model parameters
In this section, the different methods and sources used to inform the parameter values listed in Table 1 are presented in details.
Standard sizes and weights
Domain and normal prostate sizes
We take normal prostate size to be approximately 30mL = 3 × 10 4 mm 3 = V prost . 30 Assuming a spherical shape, this implies a radius of about 20 mm. For our model, we consider the prostate and its surroundings. Therefore we consider a slightly bigger sphere, with the same centre; say (for instance) of radius 25 mm. This leads to a domain volume V dom = 65.45 × 10 3 mm 3 .
Tumour cell size
In Park et al. 4 the circulating tumour cells and the cultured tumour cells in prostate cancer patients are measured; the former are found to have an average diameter of 7.97 µm, while the latter of 13.38 µm. We then take a tumour cell diameter of 10µm = 10 −2 mm and thus of approximate volume V tum cell = 5 × 10 −7 mm 3 (assuming cells of spherical shape).
Neurite diameter and nerve cell size
Take neurite diameter to be about 1 µm (from Table 2 .1 in Fiala & Harris 31 ). Friede 32 reports that human Purkinje cell (a class of nerve cells) diameter is 27 µm. We then estimate the nerve cell volume to be approximately 10 −5 mm 3 .
NGF molecular weight
In Poduslo & Curran 33 and PhosphoSitePlus (www.phosphosite.org) NGF molecular weight is stated to be 26 × 10 3 Da. On the other hand, Baker 34 and Murphy et al. 35 estimated the NGF molecular weight to be between 10 4 and 10 5 Da. We will then assume the intermediate value 10 4 Da ≈ 1.660 × 10 −8 pg.
AGM molecular weight
Molecular weight of Semaphorin 4D is 96,150 Da (see product at www.abcam.com). Netrin-1 molecular weight is 75 kDa = 1.245 × 10 −7 pg. 36 Norepinephrine molecular weight NE molecular weight = 169.17784 g/mol (from PubChem, pubchem.ncbi.nlm.nih.gov).
Acetylcholine molecular weight
Acetylcholine molecular weight = 146.20744 g/mol (from PubChem, pubchem.ncbi.nlm.nih.gov).
Equilibrium values
Sympathetic and parasympathetic nerve density
In Figure 7 from Magnon et al. 10 we find a quantification of sympathetic and parasympathetic (respectively) neural areas in normal human prostate tissues. From the graph, one can take a positive nerve area per field of about 1000µm 2 for sympathetic and 100µm 2 for parasympathetic fibres, field surface = 0.15mm 2 . It follows that the percentage of the area occupied by nerve fibres is approximately 0.7% and 0.07 % for sympathetic and parasympathetic nerves respectively. Note that here a section is 5 µm thick. However, the staining here identify any kind of nerve fibres, and it is well known that axon size is extremely variable depending on the type (for instance, in Friede 32 it is recorded a nerve diameter of 27 µm, while Schuman et al. 37 reported a
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nerve fibre layer thickness in the eye of about 100 µm). We will assume that the nerve fibres occupy the whole thickness of the sections; thus we conclude that sympathetic nerves account for 0.7% of the normal prostate tissue volume and parasympathetic ones for 0.07%.
To convert these values in an actual cells/mm 3 value, we recall that in 2.1 we found a domain volume of 65,450 mm 3 . Taking the above found percentages of volume occupied by neural fibres, we have 458.1500 mm 3 occupied by sympathetic nerves and 45.8150 mm 3 by parasympathetic ones. Approximating a nerve cell a sphere of 27 µm = 27 × 10 −3 mm diameter, 32 we have that 458.1500 mm 3 correspond to 16,969 cells and 45.8150 mm 3 to 1,697 cells. Therefore, the initial sympathetic nerve density will be S eq = 16, 969/65, 450 ≈ 0.26 cells/mm 3 and the initial parasympathetic nerve density P eq = 1, 697/65, 450 ≈ 0.03 cells/mm 3 .
Norepinephrine level
Dodt et al. 22 measured plasma concentration of epinephrine and norepinephrine before, during and after sleep in volunteers. They found that, although the neurotransmitters levels did not change significantly from one sleep phase to another, they increased after standing up from the horizontal position. In a final experiment, the subjects were asked to stay horizontal for 30 minutes after waking up and then stand up for and additional 30 minutes. The norepinephrine levels registered in these settings are summarised here:
• REM (rapid eye movement) and non-REM sleep: 615.4±67.8 pmol/L and 616.5±51.4 pmol/L respectively;
• after standing up: from 778.76±88.9 to 2202.7±247.55 pmol/L;
• after 30 minutes lying down plus 30 minutes standing: from 1075.2±48.9 to 3213.4±212.5 pmol/L.
So between pre-and post-sleep plasma norepinephrine levels change in a range going from 615.4 pmol/L ≈ 0.1 pg/mm 3 and 3213.4 pmol/L ≈ 0.5 pg/mm 3 (using the norepinephrine molecular weight found in 2.1). Since this value is likely to be even higher in fully awake individuals (norepinephrine is associated with stress), we will consider the latter value N eq n = 0.5 pg/mm 3 .
Acetylcholine level
• Wessler et al. 26 report that "non-neuronal acetylcholine is involved in the regulation of basic cell functions" and measured acetylcholine concentration in skin biopsies from healthy volunteers. They found that "the superficial and underlying portion of skin biopsies contained 130 ± 30 and 550 ± 170 pmol/g acetylcholine, respectively".
Since we are interested in the prostate region of the body, we will take the acetylcholine level in the "deeper" skin sample 550 pmol/g. Considering a tissue of the same density of water (1g=1mL) and the acetylcholine molecular weight reported in 2.1, we have that the acetylcholine equilibrium level is approximately N eq a = 80 pg/mm 3 .
• Watanabe et al. 27 determined blood acetylcholine levels in healthy human subjects. They report that "The blood acetylcholine levels of healthy subjects varied over a wide range with a geometric mean of 0.49 µmole/liter, 90% of the levels falling into the range of 0.20 to 1.31 µmole/liter".
Converting into our units we have N eq a = 72 pg/mm 3 .
We will take N eq a = 80 pg/mm 3 .
Primary tumour cells equation
Tumour constant growth rate r T p
Schmid and collaborators 1 report that prostate cancer has a very large doubling time. In particular: "Seventy-nine percent of all patients had a doubling time of more than 24 months. Twenty of 28 cancers thought to be clinically organ confined doubled at rates exceeding 48 months". We could then take r T p = ln 2/48months ≈ 4.81 × 10 −4 day −1 .
Tumour constant death/apoptotic rate d T
Dachille et al. 6 calculate the apoptotic index (AI) of prostatic adenocarcinoma as AI (%) = 100 × apoptotic cells/total cells .
The mean AI in 3,000 tumour nuclei was 1.27. We will therefore take d T = 1.27 × 10 −2 .
To compare these growth and death rates with others, we see that in Stein et al. 38 it is stated that "The growth rate constants varied over a nearly 1,500-fold range, while the regression rate constants varied over a 50-fold range (Fig. 3A) . Furthermore, the regression rate constants were consistently larger than the growth rate constants, with median values of 10 −1.7 day −1 versus 10 −2.5 day −1 , respectively." These observations correspond to r T p ≈ 10 −2.5 day −1 and d T ≈ 10 −1.7 day −1 . Now, while d T is approximately the same computed above, r T p here is bigger; this difference is explained by the fact that prostate tumour is well-known for being particularly slow in growth.
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NGF-enhanced tumour growth τ 1 , τ 2
• Zhu et al. 2 report the dose-dependent effects of NGF on pancreatic cancer cell growth in vitro after 48 hours in Figure  4A . Here data are expressed as a percentage of increase or decrease of untreated controls. In particular, the data in Table  3 are recorded.
NGF (ng/mL) % increase of untreated controls 6.3 approx. 130 25 approx. 180 100 approx. 210 Table 3 . (Recall: 1 ng/mL = 1 pg/mm 3 .) Time = 48 hours = 2 days.
We then consider the NGF-dependent growth part in the T p -equation
that, assuming G constant, has solution
that for G = 0 reduces to
which will correspond to the control case.
Now, from the data in Table 3 we see that if, for example, G = 6.3, then
We thus have a system of three equations in two unknowns τ 1 , τ 2 :
We can then consider the following function: y = τ 1 + τ 2 x; then the system (12) corresponds to the following data points:
Fitting the values of the parameters τ 1 and τ 2 to these points with MatLab functions nlinfit gives the following estimates: τ 1 = 29.54 and τ 2 = 2.39, with 95% confidence intervals (−30.2417, 89.3126) and (1.3891, 3.3943), respectively, given by the function nlparci. Note that while the estimate for τ 2 seems quite accurate, the same can not be said for τ 1 .
• We can do a similar reasoning taking the data from Sortino et al., 3 who investigated the effect of NGF in the androgendependent, prostate adenocarcinoma LNCaP cell line. The data reported by Sortino et al. are summarized in Table 4 .
Following a similar reasoning as the one done above with the data from Zhu et al., 2 we find
and
respectively from the two datasets reported in Table 4 (note that 25 ng/mL = 25 pg/mm 3 ). Averaging, we obtain that τ 1 + 25 · τ 2 ≈ 194.02. Substituting the previously found value of τ 2 (τ 2 = 2.39), we get τ 1 = 134.27.
We will therefore take τ 1 = 134.27 and τ 2 = 2.39. 3 Note that the second dataset was obtained in the presence of serum.
Maximum tumour cell density k T
The maximum tumour cell density is given by 1mm 3 /V tum cell = 2 × 10 6 ; in fact, k T corresponds to the maximum number of tumour cells that can fit in every mm 3 . Now, because of the presence of the stroma and other cells not explicitly included in the model, we will take half of this value k T = 1 × 10 6 cells/mm 3 .
Shape of ϑ (N n ) and values of θ 1 , θ 2
We want the function ϑ = ϑ (N n ) to be such that ϑ (0) = 0 (to reflect the presence of an Allee threshold in the absence of norepinephrine) and that ϑ is a decreasing function of N n (in fact, our hypothesis is that norepinephrine lowers the Allee threshold, making the tumour more likely to proliferate). We thus consider ϑ (N n ) = θ 1 /(1 + θ 2 N n ), where θ 1 and θ 2 are two parameters to be determined. For θ 2 , we consider Figure 1 from the paper by Chiang and collaborators, 5 where the time course of prostate tumour weight is shown in control mice and in mice treated with doxazosin, an α1-adrenergic-antagonist (α-blocker). In the plot, we observe that in the doxazosin-treated mice the tumour weight dropped down from about 5 g to zero, while in control mice a tumour of weight around 2 g kept growing. Assuming that the doxazosin treatment blocked all the adrenergic receptors on tumour cells (thus corresponding to the case N n = 0), and that in the control experiment the norepinephrine was at its equilibrium value N eq n , we deduce that
• when N n = 0 (i.e. norepinephrine does not make any effect on tumour growth), 5 g is below the Allee threshold;
• when N = N eq n , 2 g is above the Allee threshold. Now, since it is difficult to translate these tumour weights in tumour cell densities (mouse prostate size and tumour cell size are probably different from human ones), we can only use the "relative" information contained above, that is
We can take for instance θ 2 = 1 mm 3 /pg. As pointed out by Korolev et al., 39 no experiment has been done to measure the "basal" Allee threshold θ 1 for any kind of tumour. We will just assume that θ 1 is approximately the 1% of the carrying capacity k T , i.e. θ 1 = 1 × 10 4 .
AGM-induced tumour cell apoptosis δ
In Table 1 from Castro-Rivera and collaborators' work 7 we find a quantification of the effect of semaphorin 3B on two different kinds of cancer cells; these data are summarised in We will then consider the following two equations for control tumour cells T control and for semaphorin-treated ones T SEMA :
where A represents the concentration of axon guidance molecule (here, semaphorin). To estimate A we consider the statement "Semiquantitative assay showed an average of 15-40 ng/mL SEMA3B in the CM after transfection" in the Materials and
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Methods section and the fact that the medium was diluted 1:2; in this way we approximate A ≈ 13.75 pg/mm 3 (note that 1 ng/mL = 1 pg/mm 3 ). Equipped with all these values (recall: t = 5), we can use the data in Table 5 No data for prostate tumour cells were found to inform the value of the parameter δ .
Spontaneous tumour cell migration µ 0 Pienta et al. 8 observed about 1,400 colonies of (rat) prostate tumour cells after 8 days (see Figure 4 in the same reference). Without knowing how big each colony is, we will assume that 1 colony corresponds to 1 cell. Therefore, taking an exponential decay T p (t) = T p (0) exp (−µ 0 t) for the tumour cells and knowing that the initial cell density was T p (0) = 2 × 4 × 10 3 cells/mL (stated also in the work by Pienta and co-workers 8 ), we can calculate µ 0 = 0.22 day −1 .
AGM-induced migration µ 1
In Figure 3 from Herman & Meadows' paper 9 the following % cell invasion are reported for semaphorin-treated PC-3 cells (androgen-independent prostate cell line):
sema3A: ∼ 65% of control , sema3C: ∼ 135% of control after 20 hours incubation (T 0 = 10 5 ). The authors' comment is: "Overexpression of sema3A in PC-3 decreased the invasive characteristics of PC-3 cells by 33% compared to the untransfected cells. Sema3C, on the other hand, increased invasion by 33% compared to untransfected cells". To estimate the amount of semaphorin used in the experiment, we read: "The bacterial clones transfected with sema3A or sema3C were grown on agar plates and selected with 35 µg/mL of kanamycin". Therefore, in our equation for tumour cell migration T m (t) = T 0 exp[(µ 0 + µ 1 A)t] we will take A = 35 µg/mL = 35 × 10 3 pg/mm 3 . Finally, considering the 20-hours sema3C treatment, we have that
Acetylcholine-induced migration µ 2 Figure 3A from Magnon et al.'s paper 10 reports an ex vivo quantification of tumour cell invasion of pelvic lymph nodes (which drain the prostate gland). Here data are reported both for control (saline-treated) and carbachol-treated mice, and in the second case the invading tumour cells are approximately double than in the control case. Notice that since carbachol is a non-selective cholinergic (muscarinic) receptor agonist, we can consider it as a substitute of acetylcholine. Then, denoting with c the carbachol amount, we can estimate from the equation T m (t) = T 0 exp[(µ 0 + µ 2 N a )t] and Figure 3A 10 that µ 2 ct = ln(2) (since T 0 exp[(µ 0 + µ 2 c)t] ≈ T 0 exp(µ 0 t)). To estimate the value of c, we read in Magnon's paper: 10 "For experiments on the PNS, 15 days after tumour cell injection, animals received carbachol at 250 (day 0), 300 (day 1), 350 (day 2), 500 µg/kg per day (day 3) [every 12 hours, 8 divided doses]". First notice that the average of these amounts is 350 µ/kg over 5 weeks, which corresponds to 10 µg/kg/day. To convert the kilos in a volume, we take water density (1 g/mL); therefore we find the approximation c = 10 pg/mm 3 /day and thus µ 2 = 2 × 10 −3 mm 3 pg −1 day −1 (t = 35 days). No more direct measurements of this kind of data were found by the authors.
NGF equation
NGF decay rate d G
Tang and collaborators 12 state that "Nerve growth factor (NGF) mRNA is rapidly degraded in many non-neuronal cell types with a half-life of between 30 and 60 min". Hence, taking a half-life of 45 minutes, the resulting decay rate is d G = 0.0154 min −1 = 22.18 day −1 .
NGF production rate by tumour cells s G
In Figure 1c from Dolle et al. 11 it is reported that after 24 hours, cultures of different lines of breast cancer cells expressed approximately 0.3 ng/(mg protein) of NGF. Considering a total protein amount of 300 pg per cell (as in HeLa cells (an immortalised cell type used in biological research, derived from cervical cancer cells taken from Henrietta Lacks), we have that 1 mg = 10 9 pg protein corresponds to approximately 3 × 10 6 cells. Now, we have to consider that in 24 hours the NGF also decayed; in fact the differential equation for G in this case is
where T denotes the number of tumour cells (and G(0) = 0 in our case). Thus, Dolle and co-workers 11 tell us that G(t = 1day) = 0.3 × 10 3 pg, T = 3 × 10 6 cells. Substituting these numbers in the equation (and taking the value of d G estimated above), we determine s G = 2.22 × 10 −3 pg · cells −1 · day −1 . The authors did not find any suitable dataset with prostate cancer cells.
NGF internalisation rate by tumour cells γ 1
In Table 1 from Rakowicz-Szulczynska's paper 13 it is reported the internalisation of 125 I-NGF after 1 hour or 24 hours incubation of different breast carcinoma and melanoma cell lines with 10 ng/mL. For SKBr5 breast carcinoma cells, we find that 33,560 molecules/cell were internalised after 24 hours incubation. Considering a NGF molecular weight of 1.660 × 10 −8 pg and knowing that the cells were seeded at density 2 × 10 7 cells/10 mL = 2 × 10 3 cells/mm 3 , we can write down the equality We can estimate the rate of NGF internalisation by cultured neurons using the data in Figure 1 by Claude et al. 14 The plot reports the pg of 125 I-NGF binding to rat sympathetic neurons versus different amounts of free NGF. It is also stated that the neurons were incubated for 140 minutes with the NGF at a density of approximately 1,000 neurons/dish in 35-mm culture dishes.
Therefore, if we have a density of free NGF equal to G 0 , the corresponding value on the y-axis of Figure 1 14 corresponds to G(t = 140min) = G 0 exp(−γ 2 St). Then, converting these data into our units (in particular, we considered t = 140 min = 0.0972 day and S = 1000 neurons/35 − mm dish = 0.5 cells/mm 3 from the data in Figure 1 , 14 assuming a 35-mm dish of 2 mL), we can use the MatLab functions nlinfit and nlparci to get an estimate for γ 2 and its 95% confidence interval respectively. The plot of the fit is reported in Figure 1 and the output gives an estimated γ 2 value of 0.048342 with 95% confidence interval (0.0422, 0.0545). 
AGM equation
A large class of secreted or membrane bound axon guidance molecules are semaphorins and more specifically the so called class-3 semaphorins, that include seven family members. Class 3 semaphorins are the only secreted vertebrate semaphorins. In a recent work, Blanc et al. 40 highlighted that Semaphorin 3E is not only over-expressed in prostate cancer but also affects adhesion and motility of prostate cancer cells. They also demonstrated that all the prostate cancer cell lines that have been tested produce both the unprocessed (87kDa) and processed (61kDa) form of Sema3E. However the effect of tumour and stromal secreted semaphorins on tumour functionalities such as migration, apoptosis, growth and invasion is likely to depend on which co-receptors are expressed. Namely, sema3E act as a chemoattractant for neurons expressing NRP1 receptors, that have been found to have a high expression on prostate tumours.
AGM secretion rate by tumour cells s A
Kigel et al. 15 estimate the concentration of secreted sema3s in conditioned medium for specific (breast) tumour cell lines. As it can be deduced by Figure 2 from the same work 15 the relative concentrations of class-3 semaphorins secreted into the medium of tumour cell lines were 1000 and 500 sema3-expression per cell. Tumour cells were incubated for 48 hours = 2 days. Take an average of the aforementioned values, we deduce that the expression of sema3 per-cell per-day is 375. Taking the molecular weight of unprocessed sema3 to be 87kDa (as described at the beginning of this section 2.5), we estimate that the secretion rate is: s A = 375 × 87000 × 1.66 × 10 −12 pg cell −1 day −1 , thus s A ≈ 5.42 × 10 −5 pg cell −1 day −1 . However, Kigel and co-workers 15 highlight that the aforementioned expressed semaphorins did not affect the proliferation rate or the survival of the different semaphorin tumour producing cells. In this regard, we expect that during tumour driven neo-neurogenesis the expressed tumour secreted sema3E are 100 or 1000 higher then the estimated value, in other words we take s A = 5.42 × 10 −3 pg cell −1 day −1 . We did not find prostate cancer-specific data to inform this parameter.
AGM decay rate d A
In the Supplementary Tables 1 and 2 provided by Sharova et al. 16 we find the mRNA half-life of different kinds of semaphorins. We take an average decay rate of 0.1 h −1 = 2.4 day −1 . Manitt et al. 36 write: "Currently, little is known about the half-life of netrin-1 protein in any context".
AGM internalisation by nerve cells γ 4
In Figure 4 by Keino-Masu and collaborators 17 
SNC equation
SNC basal growth rate r S
In Table 1 presented by Dolle et al. 11 we find that 4.4% control sympathetic neurons cultured for 48 hours showed a neurite length of 29 mm. The initial cell density was 2 × 10 3 cells/well that, assuming a well volume of 100 mL, correspond to S 0 = 2×10 −2 cells/mm 3 ; moreover, taking a neurite diameter of 1 µm, we have that 29 mm neurite correspond to approximately 2.9 cells (recalling that we consider a nerve cell volume of about 10 −5 mm 3 ).
From Dolle et al.: 11 "Cell culture plates (96-well) were prepared by incubating each well with 100 mL of 0.1mg/mL poly-L-lysin in sterile distilled water [...] Approximately 2 × 10 3 cells, prepared from embryonic day-12 chick paravertebral sympathetic ganglia, were added to each well in 100 mL of a 1:1 mixture of [...] medium".
Hence, we conclude that after 2 days of experiment there were
from which we can calculate r S = 0.06 day −1 .
SNC carrying capacity k S
In absence of tumour, we know that the SNC equilibrium value is S eq = 0.26 cells/mm 3 (see section 2.2). We then take k S = S eq .
NGF-dependence of SNC growth rate σ 1 , σ 2
In Table 1 by Ruit et al. 19 the effects of NGF treatment on superior cervical ganglion cell dendritic morphology are reported; they are summarised here in Table 6 .
Treatment Animal size Total dendritic length (µm) Control 23.5 g 721 NGF 23.5 g 929 Table 6 . Mouse 2.5S NGF was administered daily to mice by subcutaneous injection in a dosage of 5 mg/kg. The animals were treated for 2 weeks. Now, if we take a dendritic diameter of 1 µm and a nerve cell volume of 10 −5 mm 3 , we have that 1 µm dendrite corresponds to about 10 −4 cells. Therefore, we can "convert" the previous dendritic lengths in cells (at least roughly). For the NGF treatment, we know that it was 5 mg/kg/day for 2 weeks. If a mouse was 23.5 g, we have that each animal received 117.50 × 10 6 pg/day. Being NGF injected subcutaneously, we assume that only 1% of the dosage actually contributed to the experiment (the rest being dispersed by body fluids). Additionally, we estimate a total mouse volume of 28.57 × 10 3 mm 3 (knowing that mice blood volume is about 2 mL and it constitutes 7-8% of their total volume 41 ) and thus we have a daily NGF supply of 41.13 pg/mm 3 /day. Now, to calculate the effective NGF present, we have to take into account its decay. We know that NGF decay rate is d G = 22.18 day −1 (see 2.4); if we define the constant supply s = 41.13 pg (mm 3 ) −1 day −1 , we have that the evolution equation for G in this setting is
Then, taking G 0 = 0, we have that at t = 1 day the amount of NGF is approximately 1.85 pg/mm 3 . For the two-week experiment, we will then assume G to be 1.85 × 14 = 25.96 pg/mm 3 . Then, back to the S-equation: we recall that the part in which we are now interested is dS dt = r S + G
we have that at 2 weeks = 14 days
From this equation (recall: G = 25.96) we derive σ 1 = 25.96 × (54.9791 − σ 2 ). Consequently, we have that it must be σ 2 < 54.9791 in order to have σ 1 > 0. We can derive a second equation for σ 1 and σ 2 from the experimental results reported by Collins & Dawson. 18 In fact, Table  1 from the same work 18 lists the maximal effects on neurite lengths of various additions to the culture medium. In particular, the mean total neurite length per neuron after different treatments divided by the corresponding value of the untreated control is reported. For sympathetic neurons exposed for 2 hours to 1 ng/mL NGF, the relative length is 2.47; this observation allows us to write the following equality:
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the latter obtained after substituting the expression for σ 1 found previously (note that 2 hours = 0.0833 days). Notice that although σ 2 is bigger than 54.9791, the difference is small (less than one order of magnitude). This is probably due to the fact that the two references estimated σ 1 , σ 2 in completely different experimental settings (for example, the experiment done by Ruit and co-workers 19 is in vivo while that reported by Collins & Dawson 18 is in vitro). Therefore it seems justified to take for instance σ 2 = 50 days and consequently σ 1 ≈ 129 pg day (mm 3 ) −1 .
No human data were found to estimate these parameter values.
AGM-dependence of SNC growth rate σ 3 , σ 4
In Figures 1A (ii) and 2A Kuzirian and collaborators 20 report the synapse density after 0.5, 1, 2 and 4 hours of Sema4D treatment as % of control. In particular, it is reported that after 0.5 hours = 0.0208 days = t 1 of 1nM-Sema4D-treatment GABAergic synapse formation in rodent hippocampus was about 130% of control, and after 1 hour = 0.0417 days = t 2 it was approximately 150% of control. Now, recalling the "growth bit" of the S-equation
we have from the previous data points that
(since the control corresponds to the S(t) where A = 0). Note that taking molecular weight of 96,150 Da for A, we have that A = 1 nM = 96.117 pg/mm 3 . Finally, considering the average of the two expressions above we can estimate
Note that we must choose σ 4 < 0.0911 in order to have σ 3 > 0. Taking for instance σ 4 = 0.01, we have consequently also σ 3 = 7.79. No relevant data were found for human SNC.
PNC equation
PNC basal growth rate r P
In Table I Collins & Dawson 21 report that the mean total neurite length/neuron after 2 3 /4 hours in conditioned medium was 408 µm, while in the unconditioned medium it was 118 µm (they study chicken embryo ciliary ganglia, which are parasympathetic ganglia located in the posterior orbit). Taking the latter as the initial value P 0 , from the equation describing PNC dynamics in this context we have:
⇒ 0.1146 × r P = ln 408 118 ⇒ r P = 10.83 day −1 .
In the same reference we find another useful dataset in Table II . 21 Here it is stated that the mean elongation rate of 14 neurites (chosen to be at east 15 µm long) without any medium change was 22 µm/hour. Converting these lengths into cell numbers (using the calculations done in 2.1) and keeping in mind that 1 hour = 0.0417 days, we calculate the growth rate "per cell" r P as 22 /14×15 × 1 /0.0417 = 2.51 day −1 . Another way to determine r P could be to use the data in Table I . 18 Here the authors measure the maximal effect on ciliary (parasympathetic) and sympathetic neurite growth in various culture media after 2 hours. Considering the data regarding the "standard" conditioned medium, we have that the relative neurite length for ciliary neurons was 3.42, and for sympathetic neurons 1.81. Then, assuming an exponential growth for both cell cultures, we have that P 0 exp(r P t)/S 0 exp(r S t) = 3.42/1.81; furthermore, taking P 0 = S 0 and t = 2h = 0.0833day, we have that r P − r S = 7.63 day −1 . Now, recalling our previous estimate for r S (r S = 0.06, see 2.6), we have r P = 7.70 day −1 . It is encouraging to see that all these three values are of the same order of magnitude. To choose an estimate for r P , we take their average 7 day −1 . The authors did not find data for human parasympathetic nerve growth.
PNC carrying capacity k P
In absence of tumour, we know that the PNC equilibrium value is P eq = 0.026 cells/mm 3 (see section 2.2). We then take k P = P eq .
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NGF-dependence of PNC growth rate π 1 , π 2 Collins & Dawson 18 investigated the effect of NGF on promoting the chicken embryo parasympathetic ciliary ganglion outgrowth in vitro. Their calculations were used to calculate the mean total length of neurites per neuron. Their calculations were based on data from neurons that had at least one neurite greater then 15 µm in length (≈ about the diameter of the neuronal soma). In this regard when they added NGF to dissociate ciliary ganglion neurons, resulted in a 2-fold increase in neurite length over untreated, control cultures.They estimated the mean total neurite length per neuron for control cultures to be 79 ± 19µm. Parasympathetic ganglion neurons were exposed to a concentration of 10ng/mL = 10×10 3 10 3 pg mm 3 per h. Just two hours after addition of NGF the ratio P NGF P control ≈ 2.08 ± 0.12. Recalling the given P equation:
so after two hours we have
Taking into account that 2 hours ≈ 2 24 day = 0.083day we deduce that 10
and therefore π 1 = 1.33 − 10 × π 2 . Note that it must be π 2 < 0.13 in order to have π 1 > 0. We can take for example π 2 = 0.1 and thus π 1 = 0.33. No data were found for human PNC.
Norepinephrine (noradrenaline) equation
Norepinephrine production rate by SNC s n
Regarding the norepinephrine release rate, Esler et al. 23 estimated the apparent norepinephrine release rate at rest in humans to be 0.54 ± 0.20µg/(m 2 min) = 777.60 pg /mm 2 ×day. Note that 90% of this release rate is due to the sympathetic nerves. To convert the mm 2 in cells, we assume once again a nerve cell radius r = 13.5µm = 13.5 × 10 −3 m (see 2.1); the surface area is given by 4πr 2 = 4π(13.5 × 10 −3 ) 2 ≈ 2.29 × 10 −3 mm 2 , thus we deduce that in 1 mm 2 there are 1/(2.29 × 10 −3 ) = 436.7 nerve cells. The norepinephrine secretion rate is then given by s n = 0.9 × 777.60 /436.7 ≈ 1.6 pg cells −1 day −1 .
Norepinephrine decay rate d n
Taubin et al. 24 report that the norepinephrine half-life is about 10 hours (although this value is different in different tissues). This leads to a decay rate d n = 1.66 day −1 .
Norepinephrine uptake rate by tumour cells γ 5
In Figure 4A by Jaques et al. 25 we find one set of measurements of NE uptake by human pheochromocytoma cells. A pheochromocytoma is a neuroendocrine tumour of the medulla of the adrenal glands; it secretes high amounts of catecholamines, mostly norepinephrine, plus epinephrine to a lesser extent. Recalling the molecular weight of NE found in 2.1 and assuming a culture volume of 1 mL (it is not better specified in the paper), we can convert the data points in Figure 4A 25 into our units and fit the function N(t) = N 0 − N 0 exp(−γ 5 T t) to them; note that T represents the tumour cells, and that the value of this function at each time t is measured as the initial substrate concentration minus the uptaken NE. Using the MatLab function nlinfit to fit the data we obtain an estimated γ 5 value of 0.0019926 wih 95% confidence interval (0.0018, 0.0022). The plot of the fit is reported in Figure 3 . No data in this respect were found concerning prostate tumour cells.
Norepinephrine constant source c n
We found in 2.2 that in normal conditions (i.e. in the absence of a tumour) the level of norepinephrine is N eq n = 0.5 pg/mm 3 . We can then calculate c n from the equilibrium equation c n + s n S eq − d n N eq n = 0 ⇒ c n ≈ 0.41 pg mm 3 day , where S eq and P eq were also found in 2.2 and s n ,d n were estimated above.
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Figure 3. Plotting the data from Jaques et al. 25 (red circles) together with the function N(t) = N 0 − N 0 exp(−γ 5 T t) (blue line) fitted to the data with the MatLab function nlinfit.
Acetylcholine equation
Acetylcholine production rate by PNC s a
Paton et al. 28 use the output of acetylcholine from the plexus of the guinea-pig ileum longitudinal strip to study the mechanism of acetylcholine release. The resting output is reasonably constant for a given preparation for long periods; the mean value for eighty-four experiments was about 51 ng/g·min. The evoked output, however, usually changes as stimulation is prolonged, in a manner varying with the stimulation used. Assuming a nerve cell volume of 10 −5 mm 3 (see 2.1) and of density equal to water's one (1g/mL), we have that 1 g of parasympathetic nerves corresponds to approximately 10 8 cells. Therefore, we estimate the acetylcholine production rate as s a = 0.73 pg /cell day. No more suitable dataset was found to inform this parameter value.
Acetylcholine decay rate d a
Bechem et al. 29 studied the influence of the stimulus interval and the effect of Mn ions on facilitation of acetylcholine (ACh) release from parasympathetic nerve terminals in quiescent guinea-pig auricles (here the term facilitation denotes an increase in transmitter release during repetitive nerve excitation). Here we also find that when conditioning trains of stimuli were applied, a second much longer lasting component of facilitation was found (t 1/2 ≈ 4 s). Also, the decay to the control level displays a half time of about 20 min and can also be accelerated by frequent stimulation of the parasympathetic nerve fibres. In this regard we can estimate d a = 49.91day −1 (taking 20 min). No data were found regarding acetylcholine decay rate in human tissues.
Acetylcholine constant source c a
In 2.2 we estimated that in normal conditions (i.e. in the absence of a tumour) the acetylcholine level in the tissue is N eq a = 80 pg/mm 3 . We can then calculate c a from the equilibrium equation where S eq and P eq were also found in 2.2 and s a ,d a were estimated above.
